Abstract. This paper investigates the optimal multi-product dynamic pricing and inventory policies over a multi-period planning horizon with deteriorating products and a fuzzy demand function. The objective is maximization of the discount pro t. A dynamic programming model is presented to determine retail price and replenishment quantities. Also, due to the existence of uncertainties in the values of parameters, such as cost, deterioration rate, and the optimal strategies in general, they cannot be obtained with high feasibility. Thus, the concept of fuzzy set theory can be applied to cope whit this issue. Since the presented model is a fuzzy partial deferential equation, three novel fuzzy expansion methods, including Jacobi polynomials, airfoil polynomials, and fuzzy collocation methods, are proposed for solving this problem. Finally, this paper carries out various computational experiments to assess the proposed model and solution approaches.
Introduction
Nowadays, with respect to the increase of competition among companies, the performance of the companies can be enhanced by employing di erent marketing policies for di erent product groups. One of the most e ective policies is coordination of dynamic pricing and inventory management, since using this policy makes it possible to take the appropriate decision about the production, planning, and inventory. Hence, unnecessary costs can be prevented, thus, increasing pro ts [1] . Therefore, since the maximum pro t is the main goal during the planning horizon of any organization, integration and cooperation of production and marketing policies to achieve the maximum pro t are the main priorities of each organization. In recent years, many researchers have increasingly placed emphasis on integrating production and inventory policies. But, in many of these research works, demand function and parameters are certain and deterministic. However, in many real-world problems, achieving the desired data is not possible [2] . In order to consider the uncertainty in the parameters and the data for this category of problems, the use of the concept of fuzzy sets is an appropriate approach, which is introduced by Negoita et al. [3] . On the other hand, in a signi cant number of these research works, in which parameters and data are considered to be fuzzy sets, the values obtained for the objective function and decision variables are deterministic, while it is reasonable that, in a fuzzy environment, a fuzzy result should be made to meet the assumptions. However, in a signi cant number of these research works, time is assumed to be discrete. Moreover, the price of the product can change in these xed points. This paper investigates the optimal multi-product dynamic pricing and inventory policies over a multi-period planning horizon with deteriorating products and a fuzzy demand function and fuzzy parameters. For this purpose, a fuzzy dynamic programming model is presented to determine retail price and replenishment quantities. Since the presented model is a fuzzy deferential equation, three novel fuzzy expansion methods including Jacobi polynomials, airfoil polynomials, and fuzzy collocation methods for solving this problem are proposed. Our contributions are twofold. First, a fuzzy multi-product dynamic pricing and inventory policies over a multiperiod planning horizon with deteriorating products in continuous time are proposed. Second, to the best of our knowledge, this is the rst e ort that uses the fuzzy expansion methods for solving problems in the eld of pricing and inventory management. Hence, we proposed three novel fuzzy expansion methods including Jacobi polynomials, airfoil polynomials, and fuzzy collocation methods for solving the proposed model. The remainder of the paper is organized as follows. Section 2 presents a brief review of the literature. Some basic de nitions are described in Section 3. Problem de nition and formulation are described in Section 4. The proposed fuzzy expansion methods are given in Section 5. Computational experiments are provided in Section 6. Finally, the paper is concluded in Section 7.
Literature review
Deterministic models and fuzzy model and the approaches are discussed here. Numerous research works have been carried out in relation to the deterministic models and approaches. Jrgensen and Kort [4] investigated an optimal control model of pricing and inventory strategy in a multi-stage system. Gupta et al. [5] studied a discrete-time model with considering timedependent reservation prices of clients in deterministic environment. Jung and Klein [6] considered three inventory problems with respect to di erent functions of cost. They utilized a geometric programming approach to obtain selling price and order quantity. Pal et al. [7] considered a partially integrated production and marketing policy model for obtaining selling price, production rate demand, marketing expenditure, and the length of a product's life cycle. They assumed that the planning was done for a product. Moreover, they proposed a generalized reduced gradient method and simple genetic algorithm for the proposed model. Transchel and Minner [8] studied the impact of the relation between dynamic pricing and inventory control on single product economic order decision. Pang [1] investigated an inventory control system and dynamic pricing policies over a multi-period system. The unmet demand of customers might be partially backlogged. Moreover, the inventory might deteriorate in the planning horizon. Herbon et al. [9] proposed a non-linear mixed-integer mathematical programming model for investigating an inventory control system, considering a perishing product with price-and freshness-dependent consumption. They also considered exponential deterioration for the product price and life cycle of products. Moreover, they proposed a local search algorithm for solving the proposed model. Chen [10] proposed an optimal control model of pricing and inventory strategy in a vertically decentralized supply chain over a multiperiod time horizon. The objective function considered in this research was the maximization of the discount pro t. Moreover, the author considered two options for applying business, namely Retailer Managed Inventory (RMI) and Vendor Managed Inventory (VMI). Regarding the fuzzy models and approaches, little research has been carried out. Liu [11] presented an optimal model of pricing and inventory strategy with price-dependent demand and order-quantity-dependent unit cost in the fuzzy environment. Moreover, he proposed a solution approach based on Geometric Programming (GM) approach for solving the proposed model. Sadjadi et al. [12] developed a pricing and inventory model for marketing planning in the fuzzy environment. Also, they proposed a solution methodology based on GM approach for solving the proposed model. Samadi et al. [2] presented a fuzzy inventory-marketing model with shortages. They formulated their problem as GM approach. Soni and Joshi [13] presented a simple inventory model in the fuzzy environment for coordinating pricing and inventory strategies in a supply chain. They formulated their problem utilizing a trade credit policy approach, in which the provider granted the retailer a permissible delay period and the retailer, sequentially, o ered providers a permissible delay period. Cosgun et al. [14] proposed an IF-THEN-rule based approach in the fuzzy environment for dynamic pricing problem. The objective was to nd the optimal prices utilizing fuzzy possibilistic programming and dynamic programming approaches. Zhao and Wang [15] studied the retail service decisions and pricing in a supply chain. They considered one manufacturer and two retailers. Also, demands of customers, manufacturing costs, and service costs were fuzzy. Moreover, they presented three di erent game structures including manufacturer-leader stackelberg, retailer-leader Stackelberg, and vertical Nash. Sadeghi and Akhavan Niaki [16] proposed a bi-objective vendor managed inventory model for a supply chain problem. They considered single vendor and multiple retailers. Also, the customers' demand was fuzzy. The two objectives that had to be optimized were the minimization of the total inventory cost and the minimization of the warehouse space. Moreover, they proposed two multi-objective evolutionary algorithms for solving this problem.
Basic de nitions
In this section, we represent some basic de nitions of a fuzzy set and its operations.
De nition 1. An arbitrary fuzzy number, e u, is denoted by an ordered pair of functions (u; u) that satisfy the following three conditions [17, 18] (ii) For all su ciently small h > 0, 9 e f(x 0 ) e f(x 0 + h); 9 e f(x 0 h) e f(x 0 ) and the limits, we have the following relation: f is di erentiable in the sense (i) of De nition (4) . Similarly, we can derive di erentiability of relations (ii), (iii), and (iv) [18] . 
Model formulation
In this section, we propose a discount pro t maximization inventory model in the fuzzy environment. This paper considers a fuzzy inventory system with perishable multi products, where the fuzzy selling price of products by retailer and scheduling fuzzy replenishment order quantity are evaluated periodically at each time t; t = 0; 1; 2; ; H, where H is the planning horizon. Moreover, we assume that the replenishment of products is immediate without in-transit inventory of the product and no shortage happens. Hence, the decision in each time period includes scheduling fuzzy replenishment order quantity and its associated fuzzy selling price of products. Therefore, this problem is proper to obtain the optimal order of issuance for new replenishment z i 1 ; i = 1; 2; :::; n, with the selling price It should be noted that the intended fuzzy multivariate demand function satis es the three assumptions above.
Moreover, e d is the sales fuzzy trend of each product over a life cycle. This parameter indicates that the demand rate changes over the planning horizon. On the other hand, since the objective is the maximization of the pro t, the total cost should be deducted from the total revenue. Since these costs, including inventory costs, involve deterioration, replenishment, production, holding costs, etc., in general, all factors which are e ective in the calculation of revenue and costs over time are subject to discount and in ation rates. During the planning period, the net discount rate of in ation is assumed constant; that is R = , where is the in ation rate and is the discount rate, demonstrating the time value of money. 
where:
By utilizing Eq. (1), the replenished-order quantity is the inventory level at the start of replenishment and can be calculated as follows: 
Since the proposed model is a fuzzy partial di erential equation, to obtain a fuzzy decision, we have to use the advanced fuzzy methods, such as fuzzy collocation approaches, instead of regular fuzzy methods. This is because in these methods, parameters and data are fuzzy numbers, but the values obtained for the objective function and decision variables are deterministic.
Solution methodology
In this section we describe the proposed fuzzy expansion methods including Jacobi polynomials, airfoil polynomials and fuzzy collocation methods for solving proposed model.
Description of the Jacobi polynomials method
In this section, we describe the proposed fuzzy expansion methods including Jacobi polynomials, airfoil polynomials, and fuzzy collocation methods for solving the proposed model. To obtain the approximation solution of Eq. (1), according to the Jacobli polynomials method [19] , we can write:
; > 1; (5) where:
Now, from airfoil polynomials method, we have three cases as follows: 
Case (2): If 
Case (3) 
Based on the aforementioned considerations, we can write Eq. (5) as follows:
Thus, we have:
e R n (x dj ; t j ) = e 0:
It means that:
R r n (x dj ; t j ) = 0; R r n (x dj ; t j ) = 0;
where, x dj and t j (j = 1; ; n) are collocation points. Therefore, we can write: 
Eq. (14) can be written in the following operator form:
Ae a e H (Be a Ce a) = e 0; (B) ij = w 0 (t j )w(x dj )p ;
i (x dj )p ; i (t j );
Depending on the type of derivative that was de ned in Eq. (8) 
Eq. (17) can be written in the following operator form:
(C) ij =( w(x dj )w(t j )) 1 2 (n + + + 1)
Depending on the type of derivative that was de ned in Eq. (9) 
Now, from airfoil polynomials method, we have three cases as follows:
Case (2) 
Case ( where, x dj and t j (j = 1; ; n) are collocation points.
x dj = cos 2j 1 2n + 3 ; j = 0; 1; ; n; t j = cos 2j 1 2n + 3 ; j = 0; 1; ; n:
Therefore, we can write: where, x dj and t j (j = 1; ; n) are collocation points. We integral from Eq. (1) with respect to t. It should be noted that 
According to the fast collocation condition, Eq. (43) can be written in the following operator form:
Ae a e H Be a = e 0; 
We integral from Eq.(1) with respect to t. It should be noted that 
According to the fast collocation condition, Eq. (48) can be written in the following operator form:
Existence and convergence analysis
In this section, we are going to prove the existence and uniqueness of the solution and convergence of the proposed methods by using the following assumptions: The proof of this Lemma is provided by [21] . Then, the solution of Problem (1) 
Clearly, we can nd a positive number r with:
By Relations (51) and (52) Tables 1-9 . Also, the summary of test results on the basis of r = 0:5, n = 8, and = 10 4 for airfoil polynomials fuzzy collocation method is provided in Tables 10-18 . Moreover, the summary of test results on the basis of r = 0:5, n = 9, and = 10 4 for fuzzy collocation method is provided in Tables 19-24 . Moreover, the pseudo-code of the proposed solution approaches is given below. Table 6 . Numerical results by using the Jacobi polynomials fuzzy collocation method; Table 9 . Numerical results by using the Jacobi polynomials fuzzy collocation method; Algorithm:
Step 1. Set n 0;
Step 2. Solve the systems (12), (15), (18), (28) Step 3. If D(e u n+1 (x d ; t), e u n (x d ; t)) < , then go to step 4, else, n n + 1 and go to Step 2;
Step 4. Print e u n (x d ; t) as the approximation of the exact solution.
With respect to the type of derivative that was de ned in Eq. (7) and generated system in Eqs. (15) and (16) With respect to the type of derivative that was de ned in Eq. (9) and generated system in Eqs. (21) and (22) Based on the obtained results, we can conclude that the error and number of iterations in the Jacobi polynomials method are less than those in the airfoil polynomials method and fuzzy collocation method. Moreover, for better understanding, the obtained results in these algorithms have been plotted on the graphs in Figures 1-3. 
Conclusion
The contributions of the current study are twofold. First, it proposes a fuzzy multi-product dynamic pricing and inventory policies over a multi-period planning horizon with deteriorating products in continuous time.
Second, it proposes three novel fuzzy expansion methods including Jacobi polynomials, airfoil polynomials, and fuzzy collocation methods for solving the proposed model. Accordingly, it is concluded that the error and number of iterations in the Jacobi polynomials method are less than those in the airfoil polynomials method and fuzzy collocation method. For future inquiries, it is suggested to apply the proposed solution approaches in other pricing and inventory models with various assumptions.
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